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1. Necessity for Calculations.-The worker in almost
any branch of industry frequently meets with problems t hat
require figuring. For example, the engineer may wish to
figure the horsepower of an engine or the pressure that may
be carried safely in a steam boiler. The blacksmith may have
to find how long a piece of straight bar must be cut off, so that,
when it is bent, it will form a ring of a certain size. The
patternmaker may wish to know how to set his dividers so that
they will space off a certain number of equal divisions on a
circle. The foundryman may need to know the amount of
metal required to pour a casting whose dimensions are given on
a drawing, and so on in many other occupations. In each of
these cases it is necessary to make calculations in order to
obtain the desired information. Sometimes the calculations are
short and simple, and at othet· times they are long and difficult.
2 . Use of Arithmetic.-Before calculations of any kind
can be made, something must be known about figures and
numbers, because all calculations bring figures and number!'
into use. The study of numbers, or the art of reckoning, ·
commonly called arithmetic. Thus, the various calculati•
that may be made really depend on an understandin'
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arithmetic. For this reason, it will be necessary to begin with
a study of those arithmetical principles and processes that are
to be used later in making engineering and commercial
calculations.
3. Fundamental Processes.-The four fundamental
processes of arithmetic are addition, subtraction, 11mltiplication,
and division. They are called fundamental processes because
all operations in arithmetic are based on them. Every calculation that is made must use one or more of these processes.
4. Unit and Nu:mber.-A unit is oue, or a single
thing, as o11e inch, oue dozen. A number is one or more
units or things. It answers the question "How many?" For
example, let the question be, "How many bolt holes are there
in that cylinder head?" I£ the answer is "Eight holes," then
eight is a number, because it tells how many. A number,
however, may be either one or more than one, as o11e hour,
si:~: feet, teu dollars.

5. Concrete and .Abstract Numbers.-1£ a number is
applied to one particular kind of thing or measure, as three
horses, five dollars, ten pounds, it is called a concrete number. If a number is not applied to any particular thing or
measure, as three, six, ten, it is an abstract number.
6. Integer and Fraction.-Distinction is made between
numbers that indicate one or more whole units and those numbers that represen.t a portion of a unit. A whole number is
known as an integer. or an integral number. A number
representing a portion, or part, of a unit is called a fraction.
7. Systems of Notation a.nd Numeration.- Numbers are expressed by words, by figures, and by letters.
Notation is the art of expressing numbers by figures or letters. Numeration is the art of reading numbers expressed
by figures or letters. Two kinds of notation are in general
use, the Arabic and the Roma11.
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ARABIC NOTATION

8. Meaning and .Arrangement of Figures.-The
.Arabic notation is the method of expressing numbers by
figures. This method employs ten characters, called figures,
which are written and named as follows:
6
4
5
7
8
9
3
2
1
0
Figures
one two three Jour flue Si.'l; sevtm eight 11i11e 11Gtlgllt
Names
The figure naught (0) is called also cipher and zero, and
when standing alone means 11ofhing, or 110 value. The other
nine figures are called digits, and when standing alone each
has a defiuite value. Ten is written 10.

9. Counting.-One of the first things learned in arithmetic is to cort11t. Counting is done by naming the numbers
successively in the order of their value. The method of counting above ten and up to one thousand, and the names of the
various numbers, are given in the following list:
11
12
13
14
15
16
17
18
19

eleven
twelve
Jhirtee11
f ortrleell
fiftem
sixteen
scveuJee1~

eighteen
11i11eleen
20 /".UCIIly

21 t<veut:y-oue
22 i".Ueiii;}•-IWO
23 tweuty-thru
24 hveuly-four
25 fweuly-five
26 twenty-six
27 twenty-seven
28 twcnly-eiglrt
29 twenty-nine
30 thirl}•

31 thirty-one and so
on up to
40 fori)'; then
41 forty-one and so
on up to
50 fi/1;}•; then to
60 si.rts
70 SC'.JCIIt)'
80 eiglri)•
90 nine/)•

100
ZOO
300
400
500
600

700
800

· 900
1,000

one /rrmdred
t-.uo Jumdred
three Jumdred
four lumdred
five hundred
six hundred
seven hundred
cighllm11dred
11ine huudred
011e thousand

10. Ordinals and Cardinals.-Indicating by means of
a number the position of a thing or unit in a row, or series,
may also be considered as counting. For instance, third house,
seventh month, etc. '"' hen numbers are used in this manner,
they are known as ordinals, or ordinal numbers. Numbers that simply answer the question ''How many?" are sometimes called cardinals, or cardinal numbers. For
example, one, two, three, etc. are cardinals, and first, second,
third, etc. are the corresponding ordinals. In general, an
ordinal is formed by adding the letters th to a cardinal; as,
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fourth, sixth, tenth, fourteenth, etc. The ordinals of 011e, two,
and three, are exceptions to this rule; in the ordinal fifth the
spelling of five is slightly changed.

first group at the right is the units group, the next the thousands group, and the next the millions group. This method of
pointing off and the naming of the groups is shown in the table
at the end of this article.
The illustration given in Art. 11 shows that by moving a
figure one place to the left in a number its value is made ten
times as great as before. The last position at the right in a
number is called the units place. Take the number 417,385,926
as an example. The figure 6 is in the units place and is simply
six. The next place, occupied by the 2, is the tens of 1mits
place, so that the 2 in this position has a value of 2 tens of
units, or twenty. The 9 is in the hundreds of waits place, and
its value is 9 hundreds of units, or nine hu11dred. This righthand group of three figures, therefore, has a value of nine
hundreds, two tens, and six units, or ni11e hundred twenty-six,
as it would be read.
The ne......:t group of three figures, or 385, is at the left of 926;
therefore, the figure 5 is in the fourth place from the right end,
and its value is ten times as great as it would be in the third
position. The third place is the hundreds place, and as the
fourth place is ten times as great, it must be the thousands
place, so that the figure 5 in this position represents five thoft,sands. The figure 8 is in the tens of thousands place, and its
value is 8 tens of thousands, or eighty tlumsand. The figure 3
is in the hundreds of tho"sa11ds place, and its value is 3 hundreds of thousands, or three hundred thottSalld. The middle
group of three figures, therefore, has a value of three hundred
thousand, eighty thousand, and five thousand, which would be
read three hundred eiglaty-five tlaottsaud.
The group of figures at the left, or 417, refer to millions, a
111illio1~ being ten times as great as a hundred thousand. The
7 is in the millions place and has a value of seven million. The
1 is in the tc11s of millions place and has a value of ten millio1~.
The 4 is in the hundreds of millio11s place and has a value of
four hnudred million. This group of figures, therefore, has a
value of four hundred million, one ten million, and seven m;llion, or fottr hu11dred seve11teen million, to state it in the way
in which it would be read.
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11. Simpl e and Relative Values.- The value represented by a figure depends on its position in relation to other
figures; thus, figures may have simple valrtes and relative
values. The sim.ple value of a figure is the value it has
when it stands alone; for example, the figure 2 standing alone
has a value that is one greater than 1 and one less than 3. But
if a figure 1 is placed to the right of the 2, making 21, the first
figure no longer has the value it had before. This new value
that is given to it by placing another figure to the right of it is
ca!Ied its rel ative value. The difference between simple
and relative values may be explained as follows:
If the figure 8 stands alone, thus . . • • . • • • • • . • • • • • • •
8
it is simply eight m1its, or eight.
Place a 2 to the right of it; thus. . . • • . • • • . . • . . . . . . •
82
The 2 is now two tmits, but the 8 has moved one place
to the left, so that it is no longer eight tmi.ts. Instead, it
is eight tens, or te1~ times 8.
Now place a 5 to the right; thus . .. .. , . . . • • • . . • . . .
825
The 8 is now moved another place to the left and its
value is again increased ten times, or tcu times eight te11s,
making 8 hundreds. At the same time the 2 is moved
one place to the left and its value is increased to 2 tens.
Add a 6 to the right; thus. . . . . . . . . . . . . . . . . . . . . . . . 8256
The 8 is now another place to the left and its value is
increased ten times more, or to 8 thousands. The 2 is
increased to 2 hundreds, and the 5 to 5 tens.
The last number of four figures is read eight thousand two
hundred fifty-six.

12. Grouping of Figures.-In writing numbers that
contain more than three figures, it is common to divide them
into groups of three figures, counting from the right. This is
called pointing off, because a comma (,) is used to point off,
or mark, each group of three figures. The object of doing this
is to enable the number to be read easily and accurately. The
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The entire number 417,385,926, made up of the three groups
of figures, would be read four lmndred seventeen million three
]Ju11dred eighty-five thonsa11d ni11e hundred twenty-six. The
following table shows the positions of the figures, the groups,
and the name of each of the places, or positions:
JjJ illiOIIS

TIIOIISOIIdS

"'c

I

Units

"0

"'c

OS

"'::>0

~

....~
0

~

c

::>

::r:
~

f-<
....

~

"0
"' ~
... .....0
'"0

...

c
"'

..,"'c

0

:::::

""0

"'::>0

..r::
E-<

<II

""0

'"0

~
1 7, 3

E-<

~
...

~

0

!l

·ap

...... ....0 c "'... ...0
., "'"'::> c
c
::>
...c ...0 ::> c
::r: E-< E-< ::r: E-<...
<II

"'c
_g

!l

"'
c

"0

<II

'"0

'"0

8 5,

9

<II

!l

"2

p

2 6

13 . Use of the Cipher. -The cipher, 0, has no value in
itself, because it represents nothing, or zero, but it is useful in
determining the position of other figures. Suppose, for
example, that the number two lumdred five is to be written. I t
would not be correct to write it 25, because that is twet~ty-five.
The 2 must be in the hundreds place and the 5 in the units
place, because two hundred five means two hundreds and five
tmifs,· .therefore, it is written by placing a cipher between the
2 and the 5, giving 205. The 2 is then in the hundreds place
and the 5 in the units place, as required, and the cipher indicates that there are no teus. In the same way, three thousand
twe11ty-si.v would be written 3026, and si:r tlwusat1d four
would be written 6004. In the last case, two ciphers are needed,
because the 6 must be in the thousands place, which is the
fourth from the right. If the number to be written is five
tllousa11d 11ine lrundred eighty, it could 110t be written 598
because that is only five lumdred 11iuety-eight. The 5 must be
in the fourth, or thousands, place, the 9 in the hundreds place,
and the 8 in the tens place; consequently, a cipher is added at
the right, giving 5980, which is the correct way of writjng five
thousand 11i11e lmndred eighty.
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1 4 . Reading of Num.bers.-,Vhen reading whole numbers the word and should not be used. For instance, the
number 205 is read two hundred five,· not two hundred a11d
five.
In numbers that are pointed off, each group, or period, is
read in its turn, as though it were a separate number, and then
the name of the group is placed after it. For instance, the first
group from the left in the number 987,765,432 is read nine
hundred eighty-seven, as though standing alone, then million,
the name of the group, is added. The second group is read
seven hundred sixty-five thousand, and the last group is read
simply as four hundred thirty-two, the word unit being omitted.
In reading numbers, the final s in thousands, millious, etc. is
omitted.
EXAMPLES FOR P RACTICE

Point off and read the following numbers:
(1) 31072; (2) 317020; (3) 1007; (4) 6051; (5) 28970093.
'Vrite the following numbers, using figures:
(6) Seven thousand seventeen; (7) One thousand nine hundred
fourteen; (8) Ten million eighty-two thousand thirty-six.
Ans. (1) 31,072 or thirty-one thousand seventy-two; (2) 317,020 or
three hundred seventeen thousand twenty; (3) 1,007 or one thousand
seven; (4) 6,051 or six thousand fifty-one; (5) 28,970,093 or twentyeight million nine hundred seventy thousand ninety-three; (6) 7,017;
(7) 1,914; (8) 10,082,036.
ROliAN XOTATION

15. Fundam.ental Letter s ancl Their Com.binations.-The method of expressing numbers by means of
seven capital letters is known as Rom.an notation. This
notation is generally used for numbering chapters in books,
tables, rules, formulas, etc. The seven letters and their fixed
values, when used singly, are as follows:
Letter
Value

I
1

v
5

X
10

L

c

50

100

D
500

:M
1000
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\Vhen numbers expressed in Roman notation are written by
hand, the letters must be formed like the printed capitals, and
not like ordinary capitals used in handwriting.

The sign of equality is =. It is read equals, or is equal to.
Thus, 5+6= 11 may be read, 5 plus 6 equals II.
In preparing his lessons, the student will have frequent occasion to use the equality sign, and he should therefore clearly
understand its meaning. All on the right of the sign should
always be equal to all on the left.
Number:> expressed in units of the same kind can be added,
but numbers expressed in units of different kinds cannot be
added. Thus, 6 dollars can be added to 7 dollars and the sum
will be 13 dollars; but 6 dollars cannot be added to 7 feet.
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16. The letters used in Roman notation can be combined
according to the following principles to represent any number:
I. If a letter is written before oue of greater value, their
difference is the value represented; as, IV, four; IX, nine;
XC, ninety.
II. If a letter is written after oue of greater val11e, thei¥
sum is t"e value represeuted; as, VI, six; XI, eleven.
III. Repeating a letter repeats its value; thus, II= 2,
XX=20, CC=200, CCC=300. The letters V, D, and L are
never repeated; only I, X, C, and M are ever used more than
once in any combination.

1 '1.

Some of the combinations in most common use and the
values they represent are as follows:
XVI sixteen
II two
IX nine
XVII seventeen
JII three
XI eleven
XVIII eighteen
IV four
XII twelve
XIX nineteen
VI six
XIII thirteen
XX twenty
XIV fourteen
VII seven
XXI twenty-one
XV fifteen
VIII eight

.ADDITION

TERTJCAL ADDITION

18. Definitions.-Addition is the process of fi11ding a
member that is eqtcal to two or more members taken together.
The number so obtained is called the sum., or the total.

19. The sign of addition is +. It is read plus, and means
•more or and. Thus, 5+6 is read 5 plr~s 6, and means that
5 and 6 are to be added. Or, 5+6 may be read 5 a11cl 6.
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20. Use of Table I . -Table I gives the sum of any two
numbers from 1 to 12. This table should be carefully committed to memory. As 0 has no value, the sum of any number and 0 is the number itself; thus, 17 and 0 is 17, or
17+0= 17.
21. :Method of Vertical Addition.-The term vertical
means upright, in the direction of a plumb-line. Hence, for
vertical addition, place the numbers to be added in a vertical row, one below another, taking care to place tmits under
1mits, tens under ll'IIS, hundreds under hundreds, and so on.
\Vhen the numbers are thus written, the right-haud figure of
one mtmber is placed directly ttnder the riglzt-lzaud figure of
the oue above it, thus bringing units under units, tens under
tens, etc. In a group of numbers arranged in this manner,
each vertical row is said to form a colrmm. From the fact that
addition takes place up or down these vertical columns, this
·method of addition is called vertical addition to distinguish it from horizontal addition~ explained later.
The number of columns in a group will depend on the number of figures in each horizontal line. To find the sum of the
figures in these columns proceed as in the following rule:
Rule.-I. 1Vhm adding 1111111bers, begin at the right, add
each colmm~ separately, and write the swm, if it is or!ly oue
figrtre, 1111der tlze colrmm a-dded.
II. If the sum of auy column co11sists of two or taore
figures, write down the right-hand figt~re of the S1&11£ mrder that
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column and add the remaiuiug figure or figures to the 11e.-rt
column.

ADDITION TABLE

I and xis 2
and 2is 3
1 and 3is 4
1 and 4is s
1 and sis 6
1 and 6is 7
I and 7is s
I and Sis 9
I and 9 is IO
I and IO is II
1 and I I is 12
1 and 12 is 13

2and 1 is 3
2and 2is 4
2and 3is s
2and 4is 6
2and Sis 7
2and 6is s
2and 7is 9
2and Sis 10
2and 9 is I I
2 and Iois 12
2and I I is 13
2and 12 is 14

3and 1 is 4
3and 2is 5
3and 3is 6
3and 4 is 7
3and sis 8
3and 6 is 9
3and 7 is 10
3and Sis I I
3 and 9 is 12
3 and 10 is 13
3and I I is q
3and12is15

4and I is 5
4and 2is 6
4and 3 is 7
4and 4is s
4and sis 9
4and 6 is 10
4and 7 is I I
4and sis 12
4and 9 is 13
4and 10 is 14
4and I I is IS
4and 12 is 16

sand tis 6
sand 2is 7
sand 3 is s
sand 4is 9
sand Sis 10
sand 6is II
sand 7 is 12
sand sis 13
5 and 9 is I4
sand 10 is I S
Sand I I is 16
sand 12 is 17

6and I is 7
6and 2 is s
6and 3is 9
6and 4 is 10
6and sis 11
6and 6 is 12
6and 7 is 13
6and sis 14
6and 9 is 15
6and 10 is 16
6and II is 17
6and 12 is IS

7 :!:td 1is s
7and 2 is 9
7and 3 is 10
7and 4is I I
7and sis 12
7and 6 is I3
7and 7 is I4
· 7and S iSIS
7 and 9 is I6
7 and 10 is 17
7 and 11 is IS
7 and 12 is 19

Sand I is 9
Sand 2 is IO
Sand 3 is I I
Sand 4 is 12
Sand sis 13
Sand 6 is 14
Sand 7 is IS
Sand sis I6
Sand 9 is 17
Sand 10 is 1S
Sand I I is 19
Sand 12 is 20

and I is 10
9and 2 is II
9and 3 is 12
9and 4 is I3
9and 5 is 14
9and 6is 15
9and 7 is 16
9and sis 17
9aDd 9 is IS
9 and IO is 19
9 and I I is 20
9 and I 2 is 21

Ioand I is II
xoand 2 is 12
1oand 3 is 13
xoand 4 is 14
10and Sis IS
Ioand 6 is 16
Ioand 7 is 17
Ioand Sis 18
Ioand 9 is I9
10 and 10 is 20
IO and I I is 21
IO and 12 is 22

I is 12
2 is 13
3 is 14
4 is IS
sis 16
6 is 17
7 is IS
sis 19
9is2o
IO is 21
II is 2Z
I2 is 23

12and I is 13
12and 2 is 14
12and 3 is IS
12and 4 is I6
12and 5 is 17
12and 6 is 18
12and 7 is 19
12and s is20
12and 9 is21
I2 and 10 is 22
12 and II is 23
I2 and 12 is 24

1

I)

II and
II and
nand
11 and
nand
uand
II and
11 and
nand
I I and
II and
I I and

u

tO

22. Exam.pl es of Addition.- The application of the
preceding rule is shown in the following examples:
ExA~IPLE

I.-Find the sum of 131, 222, 21, 2, and 413.

SoLUTION.-After placing the numbers in the proper order, begin
at the bottom of the units column and add in
13 1
accordance with part I of the rule. Thus, 3 and 2
222
is 5; 5 and 1 is 6; 6 and 2 is S; 8 and 1 is 9.
21
\\'rite 9 in the units place of the sum. Proceed in
2
a like manner with the second and third columns,
413
thus finding the number S for the tens place and
7 for the hundreds place in the sum. The sum is
Stlln 789 Ans.
therefore 789.

The result obtained in solving an example is called the
answ er; as shown in the preceding example, the word is
written in the short form Ans.
ExAMPLE 2.-Find the sum of 425, 36, 9,215, 4, and 907.
SoLUTION.-\Vrite the numbers as shown, and beginning with the
bottom of the right-hand column, add in the following manner, which
is shorter than that used in the preceding example, as the successive
sums are not repeated. Thus, instead of 7 and 4 is 11; 11 and 5 is 16,
etc., we have: 7 and 4 is 11 and 5 is 16 and
425
6 is 22 and 5 is 27. In accordance with part II
36
of the rule, write 7 in the units place in the
9215
sum and carry 2 to the tens column. The
4
term carry means in this case that a figure
907
such as 2, is transferred from one column
to the next one and added to it. Theu,
sum 105S7 Ans.
2 and 1 is 3 and 3 is 6 and 2 is 8. Write 8 in
the tens place in the sum, and add the next, or hundreds, column·
9 and 2 is 11 and 4 is 15. Write 5 in the hundreds place in the sum'
carry 1 to the thousands place, and add to 9, making 10 to place in th;
sum; 0 is written in the thousands place and 1 in the tens of thousands
place. The sum is therefore 10,587.

23~ Method of Checking Addition.-A good plan,
especta11y when adding several large numbers, is to record the
sum of each column plus the number carried so that the addition can be readily tested, or checked, by adding again.
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ExAMl'L£.-Add 7,329, 8,564, 9,238, 76,563, 6,417, 36,849, and 58,796.
SoLUTION.-The columns are added as be7329
fore explained, and each sum is reco rded in
8564
46
some convenient place for reference. 46 is
9238
35
the sum of the numbers in the units column,
76563
37
35 the sum of the numbers in the tens column
6417
53
plus the 4 tens carried, and so on. The final
36849
20
sum is g i\'en by writing the last sum, 20, and
58796
following it with the last figure of each of
the other sums, 3, 7, 5, 6, giving the total sum
.sum 203756 Ans.
203,756.
These records of the sums of separate columns are often useful in
proving the correctness of the addition.

24. Proof.-To prove addition, add each coltmm from top
to botto11t. If the same result is obtained as by adding from
bottom to top, the work is probably correct.
25. A ddition of Long

Columns. -The following
method of addition is useful when adding long columns :
ExAMP!.E.-Find the sum of 425, 36, 9,215, 4, and 907.
SoLUTION.-Beginning with the bottom of the right-hand column,
add as follows : 7 and 4 is 11
425
and 5 is 16 and 6 is 22 and 5 is
36
27. The first partial sum is 27
9215
and is written as shown. The
4
sum of the numbers in the
907
second, or tens, column is 6
tens, or 60, which is the second
27
first partial sum
partial sum. \Vrite 60 undersecond partial sum
60
neath 27, as shown. The sum
third partial sum
1500
of the numbers in the third, or
f Otlrll' partial sum 900 0
hundreds, column, is 1,500,
.sum 10587 Ans.
which is the third partial sum.
\ Vrite 1500 under tl1e two preceding partial sums as shown. There is
only one number in the fourth, or thousands, column, 9, which represents 9,000. \Vrite 9000 as the fourth partial sum under the p receding
sums. Adding the four partial sums, the sum is 10,587, which is tile
sum of 425, 36, 9,215, 4, and 907.

26. Mental Addition.-In adding a column containing,
for instance, the figures 5, 6, 1, 9, 7, 5, 2, 4, 8, 9 it is permissible,
before one becomes familiar with the process of addition, to
proceed as follows : 5 and 6 is 11 ; 11 and 1 is 12; 12 and 9

13

is 21; and so forth, until all the figures in the column are
included in the sum.
After one becomes more experienced the addition should be
performed, mentally, in such a manner that only the successive
sums are recorded in the mind, as the eye momentarily rests on
one figure after another. Thus, the addition of the preceding
figures would be : 5, 11, 12, 21, 28, 33, 35, 39, 47, 56.
This abbreviated method of adding may appear more difficult
in the beginning, but it will pay to persevere until one becomes
fully familiar with it. Adding aloud should be avoided under
all circumstances.
EXAMPLES F OR PRACTICE

1. Find tile sums of the following numbers :
(a)
('b)
(c)
(d)

104+203+613+214.
1,875+3,143+5,826+10,832.
4,865+2,145+8.173+40,084.
14,204+8,173+ 1,065+10,042.

!

(a) 1,134
(b) 21,676

Ans. (c) 55,267
(d) 33,484

2. Four castings have the f ollowing weights : 3,265, 1,092, 748, and
2,587 pounds (abbreviated lb.S. What is their combined weight?
Ans. 7,692 lb.
3. The monthly output of a shop manufacturing a line of small tools
was as follows: January, 8,502; February, 8,748; March, 9,215; April,
9,770; May, 10,269; June, 12,184. What was the total output in tile six
months?
Ans. 58,688
4. The number of pounds of coal burned in a power plant each day
during a week was as follows : :Monday, 1,800; Tuesday, 1,655 ;
\ Vednesday, 1,725; Thursday, 1,690; Friday, 1,648; and Saturday, 1,020.
How much coal was burned during the week?
Ans. 9,5381b.

5. A piece of land has three sides, which are respectively 375 feet
(abbre\'iated ft.), 980 feet, and 760 feet long. What is the length of
the fence that will be needed to enclose it?
Ans. 2,115 ft.
6. During the fi.rst week of the montll a mill received supplies
valued at 3,475 dollars; the supplies furnished during the second, third,
and fourth weeks were worth 2,950, 4,380, and 4,895 dollars, respectively.
What was the total value of the supplies received for tile month?
Ans. 15,700 dollars

ELEMENTS OF ARITHMETIC

ELEl\fENTS OF ARITHMETIC

7. One day's report of a small creamery operating four stations
shows the weight, in pounds, of milk and cream received, as follows:
Sta.l

Sta. 2

S t a. 3

Milk .... .......... ...... 2,833
Cream .......... .... ... .. 1,376

2,718
1,271

3,054

Sta.4

2,967
1,334
How many pounds cf milk and how many pounds of cream were
received by the creamery on that day?
A { I 1,5n lb. of milk
ns. 5,496 lb. of cream
1,515

8. On a three-day trip a ship covers 360 miles on the first day
362 miles on the second day, and 359 miles on the third day; what wa~
the total distance covered?
Ans. 1,081 miles
9. A pump operated 2 hours and 45 minutes to empty a tank filled
with water. The meter readings showed that 4.200 gallons (abbreviated
gal.) were removed during the first hour, 5,420 during the second hour
and 3,600 during the last 45 minutes. HO\v many gallons of water did
the tank contain originally?
Ans. 13,220gal.
10. A heating, ventilating, and plumbing firm completes three contracts. The payment received on the first contract was 2,560 dollars,
on the second 3,125 dollars, and on the third 2,850 dollars. How much
was received in all?
Ans. 8,535 dollars

HORIZONTAL .ADDITIOW

27. Explanation of Method.-Very often examples are
met with that require crosswise addition of numbers standing in
different columns or on a line with one another, as well as the
ordinary up-and-down addition of numbers arranged in vertical columns. Because this involves picking out from each number in succession the single figure desired, while retaining in
mind the partial total already obtained, besides being a method
that is unfamiliar, this kind of addition is likely to cause difficulty unless practice is given to it and the closest attention paid
to accuracy.
To illustrate the process required, take the following numbers to be added as they stand, without arrangement in columns:

123+567+792+221+546=2,249.
First take the right-hand figure of each number in turn,
beginning at the right and ignoring all the other figures. Add
as in ordinary addition, thus obtaining 7, 9, 16, 19. Place
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the 9 as the units figure in the sum and add the tens. Be v~ry
careful about picking out the tens figure of each number \~Jth
out losing sight of the partial total in mind. Thus, 1 (earned) ,
Pick out the
5• 7, 16' 22' 24. Put down 4 and carry 2. 22
hundreds and add them; 2 (carried), 7, 9, 16, 21, .
Care must be taken to keep in mind the kind of figure that is
being added, whether tens, hundreds, etc., as it is easy to err
and add the tens figure of one column, for i~stance, to ~he
hundreds figure of the next, if care is not exerctsed. Practice
will make it easier to choose the right figures.
The following example shows the usual grouping of numbers
that require horizontal addition :
EXAMPLE.-Add the following numbers crosswise, then add the
results:
TcrrALs
159,265
73,267
56,318
29,680
152,814
54J;98
89,219
9J;97
158,922
47,695
3~,876
76,351
123,361
47,187
73,187
2,987
138,933
39,284
69,785
29.~
85,530
36,684
11,567
37,279
160,248
29,345
71,091
59,812
187,915
55,641
64,597
67,677
212,499
67,298
99,873
45,328
226,560
76,5-H
62,14-1
87,875
Grand total, 1,606,047

28. J•roof.-To prove results in horizontal addition, add
each column vertically, then add the sums of the vertical
columns. The result should be the same as the sum of the horizontal totals. In the example just given, the total of the first
column is 446,150, that of the second 632,657, and that of the
third 527,240. The sum of these three totals is 1,606,047, the
same as that of the horizontal totals.
Since it is so easy to make mistakes in examples of this kind
it is well worth while to veri£ y results in every case; in fact,
the student should accustom himself in his practice :work to
prove his results in this manner.
29. Practical Example.-The advantages derived from
the ability to perform horizontal addition may be seen from the
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succeeding table, which is an example of a great number of
similar ones required in government statistical work. The table
is supposed to give, by days, the grain e.xports, in bushels, of a
certain city for 1 week ; it is desired to find the totals in both
directions and the grand total. These totals represent the
amount of grain exported each day, the total amount of each
kind of grain exported during the week, and, finally, the total
amount of grain exported during the week.
GRAIN ExPORT oF A CITY
Mon.

Tues.

FoR 1 'VEEK,

Wed.

Thur.

35,715
50,108
18,265
21,375
7,201

29,128
32,546
7,268
15,928
11,325

I)l

.....

28,325
3.5,719
12,136
18,230
5,275

.....

15,236
41,719
9,237
15,738
6,829

·-·

*****

•••••

(a)

49850
17370
68429
23156
21017
67154
64353

Sat.

75,183
59,275
6,950
19,263
7,825

46,217
81,126
17,230
13,637
13,261

*****

••••••

-**••••
••••••
......
.......
......

I

SUBT RACTION

******

EXAUPLES F OR P R ACTICE

1. Find the sum of each of the following columns, then add them

crosswise and at last add the results of the horizontal addition:
(a)

(b)
1543 1
2968 5
73648
34519
78234
7843

(c)
62 1 65
16732
85696
7 1883
50149
31572
76844

T ota l

The student should find the totals, and prove that the results
are correct by adding the totals in the right-hand column, and
then adding the totals in the bottom row; the two results should
be the same, or 757;270 bushels. The other results are :
Corn, 229,804; wheat, 300,493; oats, 71,086; barley, 104,171 ;
rye, 51,716 ; Mon., 99,685 ; Tues., 88,759 ; Wed., .132,664 ;
Thurs., 96,195; Fri., 168,496 ; Sat., 171,471.

4568
739 1
7854
53469
13470
58 1 43

(b)

6542
63834
7 63 4 3
8 0 9 31
79883
83578
35647

Grand total, 1,133,128

- - - --- - -- - - - - - - --Corn ••• .• •.
Wheat ••.•.
Oats ••• • •• •
Barley • •••.
Rye ..• •.. • .
Totals

2. Add the following numbers crosswise, then add the results:

BusHELs

Fri.
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(c)

7386
4537 1
13764
9887
64348
14627

Ans.: (a) 144,895; (b) 239,360 ; (c) 155,383; grand total, 539,638.

.,

30. Definitions.- The process of subtraction is just
the opposite of that of addition. Instead of combining two
numbers to find their value taken together, to Sflbtract is to take
away a specified number of units from a given number and find
out how many units remain. Thus, 9 and 7 taken together
make 16. Now, if the operation is reversed to find how many
units are left after taking 9 units from 16 units, the process is
subtraction. As it is known that to add 9 to 7 gives 16, it is
clear that to take the 9 away f rom 16 leaves 7.
I n subtraction but two numbers can be used at a time, and
the smaller number is taken from the larger in every case.
The number to be reduced is called the minu end; the one
to be taken away, the s u btrahend ; the number left after the
subtraction is performed, the d ifferen ce. The sign of subtraction is -, read mimts. 12-7 is read twelve minus seven,
and means that 7 is to be taken from 12.
31. Method of Su btr action.-The manner in which
subtraction is carried out is illustrated in the following solut ions :
EXAMPLE.-From 7,568 take 3,425.
SoLUT!ON.-The larger number is written above the smaller number,
and a line is drawn below them. The remainder is placed below this
line, thus:
minumd 7 56 8
sr1btralleud 3 4 2 5
difference 4143 Ans.

r
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ExPLANATION.-Begin at the right-hand, or units, column and subtract in succession each figure in the subtrahend from the one directly
above it in the minuend, and write the remainders below the line. The
result is the entire remainder.

from 3 has a value 10 times as great as it would ha\Te in the position of
the cipher, according to Arts. :11 and 12. Therefore, 10 is added to
the cipher, making 10, and the 3 becomes decreased to 2. The minuend
might then be written as in the followinif:

3.2. \Vhen there are more figures in the minuend than in
the subtrahend, and when some figures in the minuend are
less than the figures directly under them in the subtrahend,
proceed as in the following examples:

206
14

18

EXAM:PLE I.-From 8,453 take 844.
SoLUTION. 1/lillllelld 8 4 5 3
subtrahend
84 4
remai11der 7 6 0 9 Ans.

Ex.PLANATION.-Begin at the right-hand, or units, column to subtract.
As 4 cannot be taken from 3, it is necessary to take 1 from 5 in the
tens column and prefix it to the 3 in the units column.. The 1 taken
from the tens column is equal to 10 units, which added to the 3 in the
units column gives a sum of 10+3=13 units. 4 from 13=9, which is
the first, or units, :figure in the remainder.
As 1 was taken from 5, only 4 remains; then, 4 from 4=0, which is
the second, or tens, figure. As 8 cannot be taken from 4, it is necessary
to take 1 from 8 in the thousands column. Since 1 thousand=10 hundreds, it follows that 10 hundreds+4 hundreds=14 hundreds, and that
8 from 14 leaves 6 as the third, or hundreds, figure in the remainder.
As 1 was taken from 8, only 7 remains, from which there is nothing
to subtract; therefore, 7 is the next figure in the remainder, thus completing the answer.
The operation of taking 1 away from one of the figures in the
minuend is performed by mentally placing 1 before the figure following
the one from which it is taken. For example, the 1 taken from 5 is
placed before 3, making it 13, from which 4 is subtracted. The 1 taken
from 8 is placed before 4, making 14, from which 8 is subtracted.
EXAMPLE 2.- 0ut of 306 pieces of work inspected, 14 were rejecter! as
being too small. Ho\V many pieces were passed by the inspector?
SoLUTION.-The number of pieces passed by the inspector is the
difference between 306 and 14, J"he subtraction is as follows:

306
14
292 Ans.
ExPLANATION.- The first step is to subtract 4 from 6, lea.ving 2 as a
remainder, whkh is set down. Now, l cannot be taken from 0; so, 1 is
taken from the 3 and brought over to add to the 0. Bt!~ the 1 taken
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10

292
The remainder of the solution is easy; 1 from lO leaves 9, and nothing from 2 leaves 2. Hence, 292 pieces were passed by the inspector. It
is not customary to r ewrite the minuend as here shown; instead, the
taking of 1 from the 3 is done mentally.
ExAMPLE 3.-From a stock of 20,000 small machine parts 8,763 were
used. How many remained?
SoLUTION.-To find how many remained, subtract the number used
from the total stock, thus:
20000
8763
112 3 7 Ans.
ExPLANAnoN.-As 3 cannot be taken from 0 in the units column, tbe
attempt is made to borrow 1 from the tens column, so as to obtain
lO units. But there are no tens, and on going, successively, to the hundreds column and to the thousands column, a cipher is found in each
case. It is not until the ten-thousands place is reached that a number
greater than zero is found-2 in this case. It is now necessary to take
1 ten-thousand, o r lO thousands, from the 2 and add it to the 0 thousands, giving 10+0= 10 thousands; but it is necessary to continue the
borrowing and to take 1 thousand, or 10 hundred, away from the lO
thousands and adtl it to the hundreds column, lea.ving a remainder of
10- 1=9 thousands. Adding 10 hundreds to 0 hundreds gives a sum of
10 hundreds. But 1 hundred, or 10 tens, must be taken away from the
hundreds tO' add to 0 tens, leaving 10-1=9 hundreds.
Adding 1 hundred, or 10 tens, to 0 tens, the sum is 10 tens. Finally,
1 ten, or 10 units, must be taken from the 10 tens to be added to the
0 unit, giving 10 units as the sum. The minuend might now be written
as in the following:
10

19990
8763
11237
Then. 3 from 10 leaves 7; 6 from 9 leaves 3; 7 from 9 lea.ves 2:
8 frot1l 9 leaves 1; and nothing from 1 leaves 1. Usually the taking of
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I unit from the several places is done mentally, and is not written down
as shown.

table and use it as a subtraction table. For instance, instead
of saying to himself, 6 and 5 is 11, let him ask, 6 from 11 is
how much? 9 from 17 is what? etc., and in a short time the
right answer will present itself without any mental effort
whatever.
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33. Rule for Subtt·action.-Using the preceding explanations as a basis the following rule may be formed:
Rule. -W!Ien subtracting, wr-ite the sttbtrahvmd tmder the
mimumd with tmits under 1mits, lens tmder te11s, rete., aJJd draw
a hor·izontal li1Je be11eath the sublralumd.
Subtract 1mits of the subtrahend from units of the minue11d,
te11s from tens, etc., writi11g the rBmai11ders beueath the li11e in
the order in which they are obtai11ed.
If any figure 1·1~ the 1nimtend represents a smaller 11tt1Jiber
than the figure beneath, borrow I fro-m the preceding number
and add IO to the smaller mtmber ,· tlzen subtract the lower mmJ-ber from the sum.

example i1~ Sftbtracticm, add
the remai11der to the subtrahend. The Stun should equal tlze
minuend. If it does not, a 111istake has btfe1J made, a11d tlze
work should be dou.e over.
Proof of example 3, Art. 32.

34. Proof.-To prove

a1~

8763
11237
20000

35. General Rem a r ks on Sub traction.- The student
should practice finding the differences between small numbers,
until he is able to name with ease and rapidity the difference
between any two numbers less than ten. A special subtraction
table is not required for this purpose, as the addition table can
be referred to in case of necessity. For instance, according to
the table the sum of 7 and 6 is 13. It follows, that if either one
of the numbers 7 and 6 is subtracted from 13, the other number
must be equal to the remainder. Thus, on subtracting 6 from
13, the remainder is 7. If 7 is subtracted from 13, then 6 is
the remainder. In the same manner, it is found that 8 from
16 leaves 8, 9 from 13 leaves 4.
It will be a great help to the student if he at odd moments,
while walking or working, will mentally reverse the addition
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EXtUIPLES FOR PRACTI CE

I.

From:
(a)
(b)

94,278 take 62,574.
53,714 take25,824.
(c) 71,832 take 58,109.
(d) 20,804 take 10,408.

f(a)

31,704

~(b) 27,890

Ans. (c) 13,723
(d) 10,396

l

Z. A shop employing 3,214 hands was forced to lay off 736 of them.
What number was left?
Ans. 2,478
3. A casting weighing 2,785 pounds was poured from a ladle containing 4,210 pounds of metal. How many pounds remained in the
Ans. 1,425 lb.
ladle to be used for other castings?
4. I f an electric meter registers 7,968 watt-hours at one reading, and
10,4jo at the next reading, how many watt-hours were used by the
Ans. 2,462 watt-hours
customer between the two readings?
)ioTE.-A watt-hour is the unit by wbieh electric power is measured.

5. On January 1 a power plant had 19,860 tons of coal on hand.
During the entire month 3,100 tons were consumed; how much coal
was on hand February 1?
Ans. 16,760 tons

6. The total weight of a mine car loaded with coal is 4,326 pounds.
If the empty car weighs 1,564 pounds, what is the weight of the coal?
Ans. 2,7621b.
7. In setting out the boundary line of a piece of land, it is found
that at one point of the line the distance from the starting point is
385 feet. At another point of the same line the distance from the
starting point is 1,065 feet. \Vhat is the distance between the two
points?
Ans. 680 ft.

8. On completing a piece of work it was found that out of a stock
of 1,037 pounds of pipe fittings there remained a quantity of 259 pounds.
How many pounds were used?
Ans. 778 lb.
9. During a certain month, a textile mill purchased ~ool valued at
5,642 dollars and cotton costing 3,834 dollars. How much greater was
the expenditure for wool than for cotton?
Ans. 1,808 dollars
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10. The djstance between New York City and Liverpool, England,
is 3,166 nautical miles. If a ship. ~iling for. England has covered
1 275 miles of this distance, how far lS Jt from Liverpool?
'
Ans. 1,891 miles

Thus, 2, 3, and 4 are factors of 24; 5, 6, and 3 are factors of
90; and so on.
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N01'11.-A nautical mile differs from a statute mile.
6,080 fee?, the latter only 5,.280 feet.

The former contains

MULTIPLIC.A.TION

36. Definitions.-Multiplication is merely a shortened process of addition, used when the sum of a group of
equal numbers is to be found. To multiply a number is to
add it to itself a certain number of times. For instance, suppose
the sum is required that results from using the number 4
three times in the process of addition. By the method of
addition it is easy to see that 4+4+4= 12. But, suppose it is
desired to take the number 13,976 ninety-nine times. It would
be a long, tedious process to find the desired result by addition,
so the need of a shorter method is imperative. Multiplication
meets this need. By its means it is possible to find the result
of taking any number as many times as desired.
37. The number that is to be added to itself, or the number
to be multiplied, is called the multiplicand.
The number that shows how many times the multiplicand is
to be taken, or the number by which we multiply, is called the
multiplier.
The sign of multiplication is X . It is read times or multiplied by. Thus 9X6 is read 9 times 6, or 9 multiplied by 6.
38. The result obtained by multiplying is called the product. Thus, 40X8 = 320 is read 40 multiplied by 8 equ~ls 320,.
or 40 times 8 equals 320. In this example, 40 is the multiplicand, 8 the multiplier, and·320 the product.
The product of several numbers is the same, whatever may
be the order in which they are multiplied ; thus, 4X3X2=24,_
4X2X3=24, and 3X4X2=24, etc.
The two or more numbers that, when multiplied together
produce a product, are said to be the factors of that product.

39. Practicing Multiplication.-In Table II, the product of any two numbers (neither of which exceeds 12) may
be found. The table should be carefully committed to memory.
This is especially important, as successful future ·work depends
largely on the student's ability to name promptly these products
in any order. Study one section at a time until the product of
any pair of numbers can be given at once; then go to the next
section. Review the sections repeatedly.
Any number multiplied by 1 gives a product equal to the
number itself, as indicated in the first line of each section of
the table.
40. Rule for Multiplication.-To multiply numbers
larger than those given in Table II proceed according to the
following rule and examples :
Rule.-I. Whe1~ multiplyiug, write the multiplier u11d-er
the multiplicaud, so that tmits are nuder 1mits, te11s m1der
tens, etc.
I I. Begin at the right, aud tnulliply the multiplicand by the
figures of the multiplier, taken in succession, placi11g the rightha11d figure of each partial prod11cl directly nuder the figure
used as a multiplier.
m . The sum of the partial prodttcts will be the required
product.

41. To Multiply by a Number of One Figure Only.
The application of the preceding rule to multiplication by one
:figure will be shown by the following example and solution:
ExA:MPLE.-Multiply 425 by 5.
SoLUTION.-According to part I of the rule, the multiplier 5 is written under the figure 5 of the multiplicand. On looking in the multiplication table, it is seen that 5X5=25, of
which the figure 5 is written in the
111111tiplicalld
42 5
product directly under 5 in the multimrrltiplier
5
plier and 2 is carried, or added to the
product 21 2 5 Ans.
product of 5X2; thus, 5X2+2=12, of
which the figure 2 is written in the product and 1 is carried, that is,
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added to the product of 5X4. Thus, 5X4=20 and 20+1=21, both
ligures being written in the product because all the figures of the multiplicand have been used. The work is now complete and the product
is 2,125.
This result can also be obtained by adding 425 live times; thus,
425
425
425
425
425
s11m 2 l 2 5 Ans.

42. To Multiply by a Number of Two or Mo1·e
Figures.-The following example and solution shows the
application of t he rule, Art. 40, to cases in which the multiplier has two or more figures :
ExAMPLE.-Multiply 475 by 234.
SoLUTJON.-Proceeding according to part II o f the rule, 4X5=20, of
which 0 is written in the first partial product and 2 is carried; 4X7=28
and 28+2=30, of which 0 is written as the next figure of the first
partial product and 3 is carmultiplicaud
475
ried ; 4X4=16 and 16+3=19,
1/lltltiplier
234
which completes the first partial product, 1,900. Using the
first partial product
1900
next figure of the multiplier,
second partial product
1425
3X5=15, of which 5 is writlh ird partial product
950
ten directly unde r 3 as the
prod11ct 1111 50 Ans.
first figure of the second partial product and 1 is carried ; 3X7= 21 and 21+ 1=22, of which 2 is
written in the second partial product and 2 is carried; 3X4=12 and
12+ 2=14, which completes the second partial product, 1,425. Using
the last figure, 2, of the multiplier, 2XS=10, of which 0 is written
directly under 2 as the first figure of the third partial product a nd 1 is
carried; 2X7=14 and 14+ 1=15, of which 5 is written as the second
figure of the third partial product and 1 is carried, or added, to the
product of 2X4, or 8, making 9, which figure completes the third partial
product, 950. According to part ill of the rule, the sum of the three
partial products gives the total product, 111,150.

43. Proof.-To prove the correctness of multiplication,
review the work carefttll)', or multiply the multiplier by the mttltiplica11d. If the same product is obta;i11ed, the work is
probably correct.

TABLE IT
lroLTIPL1CATION TABLE

xis
2is
3is
4 is
Sis
6is
?is
Sis
9 is
xo is
n is
12 is

2
4
6
8
10
I2
14
16
IS
2C

3
3
3
3
3
3
3
3
3
3
3

times
times
times
t imes
times
times
times
times
t imes
times
22
times
24 3 times

xis
2is
3is
4 is
sis
6 is
7is
Sis
9 is
10 is
II is
12 is

3 4 times I is
6 4 times 2 is
9 4 times 3 is
12 4 times 4is
I S 4 times sis
IS 4 times 6is
21 4 times 7 is
24 4 times Sis
27 4 times 9 is
30 4 times 10 is
33 4 times I I is
36 4 times 12 is

times
times
times
times
times
times
times
times
times
times
times
times

tis
2is
3 is
4is
sis
6 is
7is
Sis
9 is
xo is
I I is
12 is

6
12
IS
24
30
36
42
48
54
6o
66
72

7
7
7
7
7
7

tis
2is
3 is
4is
sis
6is
7is
Sis
9 is
xo is
I I is
12 is

7
14
21
2S
35

9 10 times
IS 10 times
27 10 times
36 xo times
45 IO times
54 IO times
63 10 times
72 10 times
SJ 10 t imes
90 10 times
99 10 times
Io8 10 times

I is
2is
3is
4is
sis
6is
7 is
Sis
9 is
10 is
11 is
12 is

1 times xis I 2 times
1 times 2is 2 2 times
x times 3is 3 2 times
x times 4is 4 2 times
1 times sis 5 2 times
1 times 6is (j 2 times
1 times 7is 7 2 times
1times Sis s 2 times
1 times 9 is 9 ztimes
I times IO is IC 2 times
1times nis JJ 2 times
1 times 12 is 12 2 times
stimes
5 times
5 times
s times
stimes
s times
stimes
stimes
5 times
5 times
s times
s times

1 is
2is
3is
4is
sis
6is
7is
Sis
9 is
10 is
I I is
12 is

9 times
9 times
9 times
9 times
9 times
9 times
9 times
9times
9 times
9 times
9 times
9 times

I is
2is
3is
4is
sis
6is
7is
Sis
9is
10 is
I I is
12 is

6
6
6
6
6
6
6
6
6
6
6
6o 6

5
JO
IS
20
25
30
35
40
45
so
55

1
7
7
7
7
7

times
times
times
times
times
times
times
t imes
times
times
times
times

IO I I times
20 II times
30 ntimes
40 I I times
so II times
6o I I times
70 I I times
8o II times
9C I I times
100 n times
no I I times
120 11 times

42

49
56
63
70
77

84

S times
S times
8 times
Stimes
8 times
8 times
8 times
8 times
8 times
8 times
8 times
8 times

tis
2is
3is
4is
sis
6is
7 is
8 is
9is
10 is
I I is
12 is

4
8
12

J6
20
24
2S
32
36
40
44
4S

s
J6
24
32
40
48
56
64
72
8o
88

96

I is I I 12 times I is 12
2 is 22 12 times 2is 24
3is 33 12 times 3is 36
4is 44 12 times 4 is 4S
Sis 55 12 times Sis 6o
6is 66 12 times 6is 72
7 is 77 12 times 7 is 84
Sis 88 12 times Sis 96
9 is 99 12 times 9 is 1o8
10 is no 12 times IO is 120
II is 121 12 times I I is 132
12 is I 32 12 times 12 is 144
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44. Cipher s as M u ltipliers.-\Vhen there is a cipher
in the multiplier, multiply by it the same as with the other
figures. Thus,

multiplicand. These two ciphers are brought down vertically to the end
of the product of 2,675 and 39.

26

(a)

(b)

0

2

xo

(c)

15
X 0

xo

0 Ans.
(e)

3114
203
9342
0000
6228
632142 Aos.

0 Ans.

00 Ans.
(f)

4008
305
20040
0000
12024
1222440 Aos.

(d)

708
X

0

000 Ans.
(g)

31264
1002
62528
00000
00000
31264
31326528 APs.

45. When multiplying by a number containing one or
more ciphers, the work may be shortened by simply writing
the first cipher of a partial product in its proper place and the
next partial product alongside it. For example, the solutions
to examples (e) and (g) in the preceding article may be written as follows :
3 1 1-t
31264
203
1002
- 9342
62528
62280
3126400
632142 Ans.
31326528 Ans.
46. If there are ciphers at the right-hand end of the multiplier, they need not be used in the multiplication, but may be
carried down to the product.
EXAMPLE.-MuJtipJy 2,675 by 3,900.
SoLUTION.-

267 5
3900
24075
8025
1 0 4 3 2 5 0 0 Ans.

ExPLANATION.·-In a case like this, the multiplier is written so that
the ciphers at its right extend to the right of the units figure in the

~7

4 7. Cip h e1·s in t h e M ultiplicand.-If there are ciphers
at the end of the multiplicand, the procedure is similar in all
respects to that explained in Art. 46; thus, to multiply 4,907,600 by 487 proceed as follows :
4907600
487
343532
392608
196304
2 3 9 0 0 0 1 2 0 0 Ans.

If both multiplicand and multiplier end in ciphers, place the
right-hand digits, or figures that are not ciphers, under each
other, as above, and add to the product a number of ciphers
equal to the sum of the ciphers contained in the multiplicand
and the multiplier on the right of their right-hand digits.
ExAMPLE.-Multiply 590,000 by 420.
SoLUTION.-

590000
420
118
236
2 4 78000 00 Ans.

ExPLANATJON.-Io this case there are, in all, 5 ciphers on the right
of the right-hand digits in the multiplicand and the multiplier. Therefore, there must be 5 ciphers on the right of the right-hand digit in the
product.
EXAMPLES FOR

PRACTI CE

1. Find the product of the following:
(a) 61,483X6.
(b) 12,375X5.
(c) 4,836X47.
Ans.
(d)

(e)
(f)

3,257X246.
2,875X302.
17,819X1,00-t

(a)
(b)
(c)
(d)

368,898
61,875
227;1.92

801,222
(e) 868,250
(f) 17,890,276

2. A certain machine is capable of turning out 48 finished pieces of
work in a day. At this rate, find the output of the machine in one year
of 296 working days.
Ans. 14,208
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3. What is the total weight of cast iron in 649 pumps, if the amount
of iron in each pump weighs 37 pounds?
Ans. 24,013 pounds
4. A ranchman owns 945 head of cattle, valued at 117 dollaTs a
bead; how much are they all worth?
Ans. 110,565 dollars
5. A certain mill contains 1,830 looms, each of which produces 175
yards (abbreviated yd.) of cloth per week; what is the total production?
Ans. 320.Z50yd.
6. A machine turns out 50 finished pieces of work in a day. What
would be th$: output of the machine in one year of 306 working days?
Ans. 15,300 pieces
7. In a month of 30 days, how many miles can be run by a ship
that averages 432 miles per day?
Ans. 12,960 miles
8. A water-tube boiler containing 144 tubes needs to be fitted with
new tubes. Assuming the cost for each tube to be 9 dollars, what will
be the total cost for the 144 tubes?
Ans. 1,296 dollars
N or&-A waler·lr<be boiler is one in which t he water is in the tubes, which are
surrounded by the hot gases of eombustion. I n a fire-lube boiler the water sur·
rounds the tubes, and the hot gases pass through the mterior of the latter.

9. If 40,635,000 acres o f wheat produce, on a n average, 13 bushels
to the acre, what is the total yield?
Ans. 528,255,000 bushels

10. A power station has on hand 38 barrels of lubricating oil ; the
average contents of a barrel is 50 gallons. 'vVhat is the total quantity on
hand?
Ans. 1,900 gallons

DIVISION

48. Definitions.-Division is the process of finding
how many times one number is contained in another; or, it is
the process of separating a number into a given number of
equal parts.
For instance, a brass rod, 32 inches long, is to be divided into
short pieces, 2 inches in length. This is an example of finding
how many times one number, in this case 2, is contained in
another number, here 32. Or, suppose that 150 dollars is to
be divided equally among 5 men; how much will each man
receive? Here it is a question of separating a number, as 150,
into a number of equal parts, corresponding to the number of

men.
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49. The dividend is the number to be divided, or to be
separated into equal parts.
The divisor is the number by which the dividend is divided.
The quotient is the number showing how many times the
dividend contains the divisor.
The sign of division is +. It is read divided by. Thus,
54+9 denotes that 54 is to be divided by 9. Another way to
write 54 divided by 9 is¥. T hus, 5479=6, or..!!s"-=6.
In both of these cases 54 is the dividend, 9 is the divisor,
and 6 is the quotieut.
Division is the reverse of 1-mtltiplication, as the latter process,
instead of separaJiug a number into a number of equal parts,
or factors, combiues a number of equal parts into a complete
whole.
Nora-The student should study Table II again until when any product given therein and one of its factors a rc named he can immediately
name the other factor. A good plan is to cover the second column of
factors with a strip of paper or cardboard and recall them from memory.
In carrying out these tests the dividends should not be taken in order,
but selected at random; otherwise the answer will be known without
testing one's ability in division.

50. Rule for Division.-To divide numbers larger than
those given in Table II, proceed according to the following
rule and examples :
Rule. -I. W1·ite the divisor at the left of the dividend,
with a wrved line between them.
II. Begiu at the left-hand e11d of the dr,;idend and fi11d
how many times the divisor is contained i" tile least number
of figures tlrat will contaill it, and wriJe the result for the first
figure of the quotieut, separating it from the divideud by a
wrved liue.
III. Multiply the divisor by this quotie11t; subtract the
product from the partiaJ dividend ttsed, aud to tire remai-11der
anne.~ the next fig~tre of the dividend. Divide as before, and
thrts conti1me until all tire figures of the dividend have been
used.
IV. If ol~)' partial dividend will 11ot contain the divisor,
write a cipher in the q11otient, an11ex the 11e.+t figttre of the
dividend, a11d proceed as before.
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v. If there is a remai11der after the l<zst figure of the dividend has been 1csed, draw a straig!Jt line after the quotient and
write this remai11der above the li11e and the divisor below.

2 of the dividend to this remainder, the first partial dividend
figure, '
· d m
· 182 2 . times W "th
a
182 is obtained. It is found that 63 is contame
I
inder · so 2 is written as the second figure of the quotient. At first
rema
. 6-3
thought
it' might seem that this figure should b e 3, b ecause 18-:- ,.
but 3X63=189, a number larger than 182; s~ 3 ~s t~ large for the
second figure of the quotient. 2X63=126, wh1ch as wntten un~e~ 182
and subtracted. T o the remainder, 56, the ne:\:t figure, 8, ~£ the d1_v1de~d
is annexed, giving 568 as a new partial dividend. As 6 ts ~ontamc_d m
56 9 times with a remainder, 63 may be assumed to be contamed 9 t•.mes
in 568, and 9 is accordingly written as the third figure of the quotient
9X63=567, which is written under 568 and .subtracted. -~o the
remainder, 1, the next figure, 3, of the dividend IS annexed, gtvmg 13,
but 63 is not contained in 13. According to part I V of the rule,
Art. 50, 0 is written in the quotient, and the next figu~e, 9,. ~£ the
dividend is brought down, making 139 as a new part1al _d•v•dend.
139+63=2, with 13 remaining. Since this _is th~ last remamder•. a ll
:fi res of the dividend having been used, 13 IS wntten above a stratght
li~ after the quotient with the divisor underneath, according to part V
of the rule.
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51. To Divide Whe n the Divisor Consists of But
One Figure.-Proce.ed as in the following example :
EXAMPLE.-What is the quotient of 86177?
SoLUTION".-The dividend and the divisor are written according to
part I of the rule in Art. 50, and a place is provided for the quotient at
the right of the dividend. On application of part II of the rule, it is
found that of the figures at the left-hand end of the dividend, the one
figure 8 is sufficient to contain the
dir:isor diridend quolienl
divisor 7. As 7 is contained 1
7 ) 8 6 1 ( 1 2 3 Ans.
7
time in the figure 8, the figure 1
i s written as the first figure of the
quotient. According to part III partial divideud 16
14
t>f the rule, 1X7=7, which product
is written under 8 and subtracted,
partial divide11d 2 1
leaving 1, to which is annexed the
2I
next figure, 6, of the dividend, giv0
ing the new partial dividend 16.
In this dividend 7 is contained 2 times, and 2 is written after 1 in the
q uotient. The product 2X7=14 is written under 16 and subtracted, leaving 2, to which is annexed the ne:d figure, 1, of the dividend, giving the
second partial dividend 21. In this dividend 7 is contained 3 times, and
3 is written after 2 jn the quotient. 3X7= 21, which is written under
21 and subtracted, leaving 0. All the figures of the dividend have now
been used and the division is complete, the quotient being 123.

52. To Divide When the Divisor Consists of Two or
More Figures.- The rule in Art. 50 applies also in this case,
its application being illustrated by means of the following
example:
ExAMPu:.-Divide 2,702,839 by 63.
SoLUTiox.-Applying part II of the rule, Art. 50, it is necessary to
find the least number of figures of the dividend that will contain the
divisor. As 63 is not contained in 2 nor in 27, the first three figures of
the dividend, that is, 270, must be used. To determine how many times
63 is contained in 270, it is noted that 6 is contained in 27 4 times with a
rema inder, and 4 is tried as the first figure of the quotient. As the
product 4X63=:252 is found to be smaller than 270, it is retained and
subtracted from the latter, giving the remainder 18. Annexing the next

di•Jisor dividend

qNolienl

6 3 ) 2 7 0 2 8 3 9 ( 4 2 9 0 zt% Ans.
252
parlial dividend
partial dividend
pa rlial dividend
remainder

18 2
126
568
567
13 9
126
13

53. Long Divis ion and Short Division.-\Vhen the
process of division is carried out in full, as in the preceding
examples, it is called long division; when sho~tened, or
abridged, by performing some of the work mentally mstead. ~f
writing it, the process is called s hort divis ion. Short dlVlsion is preferable when the divisor is not greater than 12, but
should not be attempted before one is fully familiar with long
division.
In short division, only the divisor, the dividend, and the
quotient are written, the operations being performed menta!ly.
The method followed will be explained by the succeedmg
example.
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EXAMPI..£.-Divide 992 by 8.
SoLUTION.-The divisor is placed to the left of the dividend as ·
long division, ~ut the ?uotient is placed under the dividend, a~~
separated from 1t by a Jmc; as shown. The mental operation is performed as follows: The divisor 8 is conditisar divit!mtl
tained in 9 1 time with 1 remaining. This
8) 9'9'2
remainder is conceived to be written immediately before the next figure, 9, of the diviqnotie11t
Ans.
dend, as shown by 1 in smaJJ type, and 8 is
co~tained in 1~ 2 times with 3 remaining. This remainder is conce~ve~ to ~e wntt~n befo~e the next figure, 2, of the dividend, and 8 is
contamed m 32 4 bmes w1th no remainder. This completes the divisio
giving the quotient 124.
n,

124

54•..Proof.-To prove division, 1mtltiply the q1totie11t by
the dw1sor, 011d add the remainder, if tlrere is any, to the
product. The result will be the divide11d. Thus, the correctness of the work in the example, Art. 52, can be proved, as
shown, by multiplying 42,902 by 63 and adding 13. The
result is equal to the dividend.

5. A steamship company pays 6,120 dollars monthly wages to 85 firemen, each receiving the same amount. How much does each fireman
receive per month?
Ans. 72 dollars
6. There are 5,280 feet in a mile. How many rails would it t.ake to
lay a double row of rails, each row 1 mile long, if the length of a rail
is 30 feet?
Ans. 352 rails
7. How many electric lamps at 30 cents each can be purchased for
90 cents?
Ans. 3 lamps

8. If 16 carloads of coal weigh 46,336 pounds, what is the weight per
carload, assuming each car to contain the same quantity? Ans. 2,896 lb.

9. A mill purchased cotton to the value of 12,600 dollars, at 42 dollars per bale; how many bales were purchased?
Ans. 300 bales
10. If 30 water tanks of equal size contain 25,500 gallqns, when all
are filled, how many gallons does each tank contain?
Ans. 850 gal.

COMBINATIONS OF ARITHMETICAL
OPERATIONS

quotie11t
divisor

42902
63
12870 6
257412
2702826
remai11der
13
divide11d 2702839

EXAMPLES FOR PRACTICE

1. Divide the following:
(a) 126,498 by 58.
(b) 3,207,594 by 767.
(c) 11,408,202 by 234.
(d) 2,100,315 by 581.
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(a) 2,181
(b) 4,182

Il

Ans. (c) 48,753
(d) 3,615

~· A lot of castings weigh 11,060 pounds. If they are alike, and oae
we1ghs 28 pounds, how many are there in the lot?
Ans. 395
3. If the driving shaft of a machine makes 9,730 turns in 35 minutes
how often does it turn in 1 minute?·
Ans. 278 t"•mes'

4. If sound, un~er certain conditions, travels at the rate of 1,118 feet
per second (abbreviated sec.), what time will be required for it to travel
23,478 feet?
An 21
s.
sec.

55. Order of Operations.-The various signs used in
arithmetical operations, such as +, -, X, and -7-, are known
as sym.bols. Several numbers may be connected by various
symbols, so as to constitute a row, or a series, as, for instance,
4+8-3X2+ 10+ 5. Such a combination of numbers and
signs is called an expression. This expression indicates that
the product obtained by multiplying 3 by 2 is to be subtracted
from the sum found by adding 8 to 4. To the resulting difference is to be added the quotient obtained by dividing 10 by 5.
To insure correct results it is necessary that the operations
indicated by the symbols in this and similar expressions should
be performed in the following order :
1. Multiplication.
2. Division.
3.

Addition or subtraction.

Applying this method to the preceding series, the process of
multiplication is performed first; then, division. Thus, 3X2
=6, and 10-7-5=2. The series may now be written 4+8
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-6+2. Performing the operations indicated by the symbols
from left to right the final result is 8.

sign by performing the required operation; thus, 22X 16=352. Finally,
352+4=356. Ans.
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56. Sym.bol of Aggregation.-The ordinary parenthesis, ( ), is used also in arithmetical operations. It is then called
a sym.bol of aggregation, the word aggregation meaning
combination.
A parenthesis indicates that the numbers enclosed within it
are to be considered as a whole with respect to any preceding
or following arithmetical symbol. It is important to note that
the operations indicated by the sign or signs within the parenthesis should be performed first. Thus, in the expression
13X (8-3) the numbers contained within the parenthesis are
considered as a whole, and the process of subtraction, indicated by the symbol, is to be performed before multiplication
takes place. That is, 3 is to be taken from 8 before multiplying by 13; thus, 13X (8-3) = 13XS=65.
When the parenthesis is not used, then the multiplication is
to be performed before the subtraction, as explained in Art. 55.
Thus, 13X8-3=104- 3=101.
·
Again, 2 X (8-3) means 2XS= 10. On removing the parenthesis, thus, 2X8-3, multiplication precedes subtraction.
Hence, 2X8= 16, and 16- 3= 13.
57. Exam.ples.-The application of the preceding rules
will be further illustrated by the following examples:
ExAMPLE 1.-Find the value of the expression 4X24-8+17.
SoLUTION.-Pedorming the operations indicated according
Art. 55, 4X24=96; 96-8=88; 88+17=105. Ans.

to

EXAMPLE 2.-Find the value of the expression 1,296712+160-Z2X3.
SoLUTION.-Multiplication and division must be performed before
subtraction can take place. Thus, Z2X3=66; 1,296+12=108. The
~xpressio~ may now be written 108+ 160-66. Performing the remainmg operations from left to right: 108+160=268; 268-66=202. Ans.
ExAMPLE 3.-Solve the following expression: (26-4) X (16+4).
S?LUTIO:..-First perform the operations indicated within the parenthes•s. Thus, (26-4)=22, and ( 16+4)=20; then, 22X20=440. Ans.
EXAMPLE 4.-Solve the following expression: (26-4)X16+4.
. ~OLUTION:-!"irst remove the parenthesis by performing the operation
md1cated w•thm; thus, (26-4)=22. Next remove the multiplication

S5

NoT&.-Comparison should be made between the answers obtained in the two
preceding examples. The only difference in the examples is the omission of a
parenthesis in example 4; yet, there is a difference in the results of -H0-356=84.

EXAMPLE 5.-Solve the following expression: 5X4-21 +7- (15-5
+4).
SoLUTlON.-The parenthesis is removed first by carrying out the
operation indicated by the signs within it. Thus, subtracting 5 from 15
leaves 10, to which is added 4, thus obtaining 14. The same result may
be obtained by adding 4 to 15, thus obtaining 19, and subtracting 5.
Next, the signs of multiplication and division must be removed by performing the required operations. Thus, 5X4=20; 21+7=3. The
expression now has the following form: 20-3-14. Performing the
two subtractions, 20-3= 17, and 17-14=3. Ans.

EXAMPLES FOR PRACTICE

Find
(a)
(b)
(c)
(d)
(e)
(f)

the values of the following expressions:
(8+5-1)74.
5X24-32.
5X24+15.
144-5X24.
2,080+12Q-80X4-1,670.
(9(H60)+(2X5).

l

(a)
(b)
(c)
Ans.l (d)
(e)
(f)

3
88
8
24
210
15

SIMPLE ARITHMETICAL EQUATIONS

58. Definitions.-An equation is an expression in
which two equal qua.nfities are connected by an equality sign
( = ). The term quantity in this case refers to a single number or to several numbers connected by arithmetical symbols.
For example, the number 8 is a quantity, and so is 5+3.
These two quantities are equal, and if they are connected by
an equa1ity sign, as 5+ 3 = 8, an equation is obtained. Examples
of other equations are: 6+2+1=9; 4+5+7=10+6. They
are all called sim.ple equations.
59. Solution of Equations.- In an equation there is
usually a missing number or quantity the value of which has to
be found. The position of the missing quantity may be indicated by a question mark ( ?) or by a letter; for this purpose
the letter .x is generally used. Following are some examples of
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simple equations and the methods followed in finding the missing quantity:

EXA.MPLES FOR PRACTICE

the value of ~ in
4Xx=l2
.rr12=16 A
7+.r=l4
ns.
(d) 9- .-.=7

Find
(a)
(b)
(c)

ExAMPLE 1.-Find the value of the missing number belonging on the
rigfit side of the equality sign in the equation 5+2=?
SoLUTION.-The sum of 5+2 is equal to 7; therefore, 7 is the value
of the missing number.
EXAMPLE 2.-\ Vhat is the value of~ in the equati9n

9+~= 15.

SoLl.l'TJON.-It is required to find a number, which added to 9 gives a
sum equal to 15. If 9 and the unknown number make a sum of 15, it is
evident that by subtracting 9 from 15 the difference will give the
number required. Thus, 15-9=6 and ~=6. Ans.
ExAlJPLE 3.-Find the value of~ in the equation 5X~=40.
SoLUTION.-It is required to find a number, that multiplied by 5 g ives
a product equal to 40. If the latter product is obtained by multiplying a
number by 5, it is evident that the quotient found by dividing 40 by 5
must be the number required. Thus, 40+5=8, and 5X8=40; therefore,
""=8. Ans.
ExAMPLE 4.-Find the value of .1: in the equation

~+5=6.

SoLUTlON.-It is required to find a number which, when divided by 5,
will give the quotient 6. It follows that the product of 5 and 6, which is
30, must be the value of .~. Thus, 5X6=30, and 30+5= 6. The value
of ~ is 30. Ans.

60. Incorrect Use of the Equality Sign.-In showing the several steps of a calculation, the equality sign is sometimes used in an incorrect manner, because it is made to connect
expressions that are not of equal value. For instance, it is
incorrect t<' use an equality sign as in the following example:
200X4=800+25=32
The expression is apparently an equation, but on closer
examination it is found that this is not the case. The product
200X4=800, found on one side of the equality sign, is not
equal to the quotient 32, obtained by dividing 800 by 25. Hence,
the equality sign is out of place and is misleading. The two
operations indicated should be written separately, as, for
example :
200X4=800
800+25=32

37

~
~

the following equations ;
3
(e) x-5=12
(b) 4
(f) l6+x=4
(c) 7
(g) 36+.t:=3
(d) 2
(TI) .r+-8=5

{(a)

(e) 17
(/)4
Ans. (g) 12
{

(TI) 40
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EXAMINATION QUESTIONS

Notice to Students.-Study the butmclum Paper tlwrot1gltly before
yof' attempt to a1J.SWer these qt1estums. Read each question carefully and
be sure you understand it; therJ write the best answer )'Oft can. WltetJ yot1r
aruu,oers are completed, e:.:ami11e litem dosely, correcl aU fl1e errors yo~t can
fi11d, and see that every question is answered; Iller~ mail y011r work to tts.
Send all your work on these questions. Yo11r a11swers slo11e
are 1101 e110ttgh; )'OIIr work should show lur<.ll 3'011 got them.

(1)

\Vhatisanumber?

(2) \V rite each of the following numbers in words:
(a) 980; (b) 8,284; (c) 14,560; (d) 260,840; (e) 1,346,895;
{f) 850,317,002.
(3) Represent m figures the following expressions:
(a) one hundred six; (b) seven thousand six hundred;
(c) eighty-one thousand four hundred two; (d) eighteen million six.
(4)
+7?

What is the sum of 3,290+504+865,403+2,074+81
Ans. 871,359

(5)

Find the difference between 10,001 and 15,339.
Ans. 5,338

(6) The amount of lumber used by a manufacturing firm
was 3,670 feet in January, 4,025 feet in February, and 2,918
feet in March. What was the total amount used in the three
months?
Ans. 10,613 ft.
(7) A factory employing 1,280 hands was forced to lay
off 96 of them. How many remained?
Ans. 1,184
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(8) An iron casting weighing 2,678 pounds was machined,
after which it weighed 2,592 pounds. 'i\That weight of metal
was removed by machining?
Ans. 86 lb.

(9)

Find the product of 217X103X67.

Ans. 1,497,517

( 10) If a machine turns out 78 pieces of work in one day,
how many wil1 it turn out in 26 days, at the same rale?
Ans. 2,028
(11) A pulley makes 4,522 revolutions in 34 minutes. How
many revolutions does it make in 1 minute?
Ans. 133 rev.
(12) A shipment of 15,000 pounds of sulphuric acid was
received by a chemical plant. This acid was stored in 12 tanks
of equal size and dimensions. How much did each tank con~?
.
~1~h
(13) If the driving wheel of a locomotive is 16 feet in circumference, how many revolutions wiU it make in going from
Philadelphia to Pittsburgh, a distance of 354 miles, there being
5,280 feet in 1 mile?
Ans. 116,820 rev.
(14) The sum of three numbers is 256; two of the numbers are 6 and 50. 'What is the third number?
Ans. 200
(15) A horse, wagon, and harness cost 444 dollars; if the
horse cost 264 dollars, and the wagon 153 dollars, how much
did the har,ness cost?
Ans. 27 dollars
(16) Give: (a) An example of an abstract number;
(b) an example of a concrete number.
(17)

Find the value of the following expression: 78+96
Ans. 20

-11X14.
(18)

-29.
(19)

Find the value of the expression (95+48-:-24)X5
Ans. 456

A pump delivers 124,380 gallons of water in 180
minutes; how many gallons are delivered per minute?
Ans. 691 gal.
(20) "rJtat are the names of the four fundamental processes, or operations, in arithmetic?

